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Abstract

The generalization properties of support vector machines
(SVMs) are examined. From a geometrical point of view,
the estimated parameter of an SVM is the one nearest the
origin in the convex hull formed with given examples.
Since introducing soft margins is equivalent to reducing
the convex hull of the examples, an SVM with soft mar-
gins has a different learning curve from the original. In
this paper we derive the asymptotic average generaliza-
tion error of SVMs with soft margins in simple cases and
quantitatively show that soft margins increase the gener-
alization error.

Introduction

In recent years, support vector machines (SVMs) have at-
tracted much attention as a new classification technique
with good generalization ability in applications such as
pattern classification [6, 15, 17-19]. The basic idea of
SVMs consists of mapping input vectors into a high-
dimensional feature space and separating the feature vec-
tors linearly with the optimal hyperplane in terms of mar-
gins, i.e. distances of given examples from a separating
hyperplane.

To assure convergence in linearly inseparable cases and
to avoid overfitting to noisy data or outliers in examples,
soft margins were introduced in SVMs which make them
less sensitive to given examples by using slack variables
for margin-constraint violation [6, 18, 19].
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Theoretical background for the generalization ability
of SVMs has been presented mainly in a framework of
probably approximately correct (PAC) learning [6, 18, 19]
where a kind of complexity of a learning-machine class
called the VC dimension plays an important role [20].
Another criterion for measuring the generalization abil-
ity is the average generalization error [1-4, 10, 12] called
a learning curve. Studies of the learning curves of kernel
methods including SVMs are still being developed both
from a statistical mechanical approach [7, 13, 14] and an
asymptotic statistical approach [8,9].

The former approach takes noise into account in terms
of a finite temperature [13], not soft margins. The latter
approach has, so far, never considered soft margins. In-
tuitively speaking, introducing soft margins increases the
generalization error if the given problem is linearly sep-
arable although it is necessary in inseparable cases. In
this paper, we quantify the effects of soft margins on the
asymptotic generalization ability in simple cases, that is,
the input space is one-dimensional.

Geometry of SVMs with Soft Margins

Here, we regard the feature vectors as the input vectors
and consider a homogeneous linear dichotomy for brevity.
That is, a separating function is represented by w’x where
" denotes the transpose.

Suppose a set Fy of N examples (x,,yn), n =
1,2,..., N, is given. Then, since the margin of a sep-
arating hyperplane denoted by w is defined as the mini-
mum distance between examples and the hyperplane, it is
expressed as min, w'f, /||w| where f,, = yn,x,. The
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problem of finding v that maximizes the margin is equiv-
alent to the following optimization problem with linear
inequalities,
min +[|w]?
w 2
st.w'f, >1, (1)

if the given examples are linearly separable. The dual
problem is written as

1 N
. 2
il [ywn —nz_lan]

N
s.t.w = Zanfn, 0 < ay,

n=1

n=1,...,N,

2

using the Lagrangian multipliers o, > 0, n = 1,..., N,
where &« = (ai,...,ay)’. To make it applicable to
linearly inseparable data sets, slack variables &,, £ =
1,..., N, have been introduced that allow the margin con-
straints to be violated as below:

1 N
: 2
min [gllwl +C an]

n=1
st.w'f,>1-¢&,, &,>0, 3)
where C'is a given constant and & = (&1,...,&,).
Let us consider a rather general problem,
1 N
min [5lel2 + C;é“n - ﬁ}
st.w'f,>B—¢&, & >0. 4)

This is equivalent to the v-SVM proposed in [16]. It is ob-
vious that this problem reduces to (3) if we fix 3 to unity
and hence the solution of (3) is a suboptimal solution of
(4). The dual problem of (4) is written as

T
min > ]

N N
s.t.w:Zanfn, 0<a, <C, Zanzl. &)

n=1 n=1

(5) means that the solution w is the point nearest to the
origin in the reduced convex hull of Fy where Fly is the
set of the vectors f,,n=1,...,N.
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The idea of reduced convex hulls has been introduced
in [5]. Figure 1 shows examples of w when C' = 1 and
C < 1, respectively. If 1/C' is a positive integer M, the
reduced convex hull of FN with 1/M is equivalent to the
convex hull of 5 C,; vertices each of which is a center of
gravity of M distinct vectors in FN [11].
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Figure 1: Points nearest to the origin O of the convex hull
(the dashed line, C' = 1) and the reduced convex hull (the
gray solid line, C' = 1/2) of examples shown by o’s.

Average Generalization Error of
SVMs

Let us show the learning curves of SVMs with soft mar-
gins in simple cases, provided that the input space is one-
dimensional and that the given data is noise-free and lin-
early separable. The derivation is performed by using the
fact that an SVM with soft margins given Fy is equiva-
lent to an SVM with hard margins given the centers of M
vectors in Fly as examples.

Fix the true parameter vector w* = (0,...,0,1) €
S™ and assume that N inputs, x,, n = 1,..., N, are
independently uniformly chosen from S™ where S™ is
an m-dimensional unit sphere. Then, the vectors f, =
Yn®n, n = 1,..., N, are uniformly distributed in S_T
where y, = sgn(w*'z,) and ST = {f|lw*' f >0, f €
S™1}. In this case, the probability that an estimate @ mis-
predicts the output of a new input x is written as 6/7
where 6 is the angle between W and w*. In this paper,
we define the average generalization error as the proba-
bility that an estimate @ mispredicts the output of a new
input averaged over the given examples, which is often
termed the prediction error. In the following subsections,
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we derive the average generalization error of SVMs for
m = 1 in the asymptotic limit of N — oc.

Hard Margins’ Case

When M = 1, the nearest point in the convex hull of
examples is the midpoint of the two examples, denoted
by f;, and f, nearest to both endpoints of the semicircle
SL. That is, the SVM solution  is written as (f, +
fr)/2 and its angle 6 with w* becomes 6 = |01, — Or|/2
where 0r and 60y, are the angles of f; and fy with the
endpoints.

Since the examples are independently chosen, the prob-
ability that the angle © of the nearest point with an end-
point is less than 6y, is written as

Prob[® <] =1— (1 —6y/7)~

and hence the density function is asymptotically

N N
p(0L) = — exp (——9L>
T T

where ~ means that the ratio of both sides goes to unity
when N — oo. Since 6y has the same density function
and the correlation between 61, and fg can be neglected
in the asymptotic limit of N — oo, the average general-
ization error ¢, (V) is derived as

1At 1
)~ g [ 10— onoup(OR)a000n ~ 5

where A is a certain constant which determines the do-
main of integration. Note that A does not affect the result
in the asymptotic limit of N — oc.

Soft Margins’ Case

In the case of a fixed M > 2, we consider the cen-
ter of gravity of the nearest M examples from each
endpoint. Let us denote by 6; the angle between the
(I — 1)st and [th nearest examples to an endpoint. Then,
the conditional probability density function of each angle
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p(0;]61, ..., 6;_1) is asymptotically written as
p(01]01,...,01-1)
_N-(-1)

N —— €X
77_2j<l91

(N
ol -
s

—(-1)
- Zj<l 9]’ 9l>

(6)

Q
3=
@D
i
go)
/T\
=
>
~

where the asymptotic equalities are based on the facts
0; < mand N > 1. Let (6) be denoted by p;(6;)
since p;(0;]61,...,6;—1) does not depend on the condi-
tions asymptotically. This property makes it possible to
calculate the distribution functions of the angles g and
01, of f1 and fr with the endpoints where f; and fy
are the centers of M examples nearest to each endpoints.
Since the SVM solution w is written as (f, + fg)/2 and
its angle 6 with w* is 0 = |01, — 0r|/2, we can derive the
asymptotic average generalization error from the distribu-
tions of the angles 6y and 6..

In the case of M = 2, for example, since the midpoint
of the first and second nearest examples to an endpoint is
a nearest center, the angle denoted by 61, and its density
p(61,) are written as

o1, =

p(0r)

[61 4 (61 + 62)]/2,

2N N 2N 2N
—exp|——0, ) — —exp | ——6y |,
T ™ T ™

respectively. The density p(fgr ) of the other nearest center
is calculated in the same way. Using these distributions,
the asymptotic average generalization error is derived as

/oL —=0Or[\ 7
eg'(N)_< 27/ 12N’

In the case of M = 3, the angle of a nearest center is
written as 6, = (361 + 205 + 63)/3 and the asymptotic
average generalization error is derived as

0L, — 9R|> 239

2 -

Q

N) = =
(V) < 360N
in the same way.

Although the calculation is much more complicated,
the asymptotic average generalization error for an arbi-
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trary M can be derived using the density

N M
~_ M—1
PO~ T ;’

. MN
(_1)MﬂMCi exp <——. 9L> (7
T
as
1 M
eg(N) = NM(M!)2 ijzzl
(_1)i+jiM+2jMMCiMcj. ®

1+
For example, €;(N) = 0.737/N for M = 4 and ¢;(N) =
0.805/N for M =5.

Asymptotic Analysis

Suppose 1 < M < N, then an asymptotic analysis on M
can be given as follows. The moment generating function
@(t) of (A1, — Or)/v M is written as

o(t) = (exp (461 — ) /D))
l 1
- H 22 '
=11- N2ZM3 2

Hence the cumulant generating function ¥ (¢) = log ¢(t)
is written as

®)

M
Y(t) = — ;mg (1 N2]\;3t2> (10)
M 2.9
—2y ]\;;\43 +0 (MY (11)
=1
w? 2 -1
= gt oM (12)

This means that (6, — 6r ) asymptotically obeys a normal
2

L . . ™
distribution with mean 0 and variance ———— when M —
00, therefore, the average generalization error for a large
M is
vVM

~ ey (13)

eg(N)
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Conclusions and Discussions

The effects of soft margins on the generalization ability
of SVMs have been examined. We derived the asymp-
totic average generalization errors in the simple noiseless
case of m = 1 under the assumption that the parameter C,
which represents the “softness” of margins, is the recip-
rocal of a positive integer M. The results show that soft
margins increase the generalization errors. This can intu-
itively be interpreted as the fact that soft margins average
given data and decrease the probability that points lie in
the neighborhood of the separating hyperplane, whereas
the probability that a test input is chosen from there re-
mains constant. However, in general, averaging increases
the signal-to-noise ratio and improves robustness against
additive noise. Deriving the average generalization error
in more general cases including noisy data will be the sub-
ject of future work.
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